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Abstract

This document contains supplementary materials associated with the conference paper [I].

1 Introduction

The aim of the paper [I] was to introduce a smooth sparse estimation method of the multipath
(MP) biases in Global Navigation Satellite Systems (GNSS) measurements (pseudoranges and
Doppler). To do so, we supposed the receiver ate time instant k has sy satellites in view, and
thus has access to 2s; measurements (s pseudoranges and sy pseudorange rates) which can be
expressed as

Yy, = Hyxp + my, + 1y, (1)

where ¥, = (Yik)i=1,... 25, € R?s* is a vector containing the differences between the measurements
and their estimates, Hj € R?%+*8 is the Jacobian matrix of the problem, and mny, is an additive
white Gaussian noise with covariance matrix Ry. In the paper, it was proposed to solve the two
problems

N - P
arg min o[|gy, — HpOk5 + el Ol + e 10x — 11 (2)
HkGRSk
and
N - P
argmin | gy — HOk3 + el Okl + 10 — Or—1ll2 (3)
HkERSk
where

o P, = Hk(HfHk)_le € R2$: %28k ig projection matrix on the subspace spanned by H,
o ¥, = (Izs, — Pr)y, € R?*** are the projected measurements on the orthogonal space of Hy,

e H, = (Igs, — P;C)W,:1 € R2%:X25k is the weighted projection matrix on the orthogonal
space of Hy,

o 0, = Wim, € R?** are the weighted multipath biases



0 € R25% are the weighted multipath biases estimated at time instant k& — 1

W, € R25:X2k is the weighting matrix

Si, contains the set of satellites jointly visible at time instants k and k& — 1

10 — 011 li,s. = Ziesk |6ir — éi,k_1| is the ¢1-norm of O —6;_1 restricted to the satellites
presents at time instant £k — 1 and &

e )\, and puy are two regularization parameters.

Next section will present how to solve problems (2)) and (3).

2 Solution of the /;-smoothing regularization
For problem , one can define
Ay, = diag(i € Sp), (4)

that is the diagonal matrix whose i-th entry is 1 if the corresponding satellite was visible at the
previous time instant, and 0 if it was not, then the problem can be rewritten

N - p
argmin [| gy, — HpO[3 + MellOclly + poe | Ax(Ox = Ox1)]l2. (5)
BkERSk

Let’s develop this equation, noticing that Af = Ay and Ai = Ay,

1 - -
argmm§||yk — H .04 |l5 + MellOkl1 + ]| Ak(0r — 0x—1)]I3
ekERSk

.1 - . . 1 R .
<argmin = (g, — HiOr)" (9), — HiOr) + M| 0kll1 + §2Mk(Ak(9k —0r-1))" (Ak(0r — 6i_1))
BkeRSk

1 - T - T AT
< arg min 5 (eng H,.0, — 2y£Hk0k + 2uk0£Ak0k — 4,Ufkek71Ak0k> + )\k||0k||1
OkeRs"‘

1 ~ T - T T
< arg min - (Hg(Hk Hj, + 2u,A1)05 — 2(9) Hy + 2Mk0k—1Ak)0k) + Akl|€k 11 (6)

ekGRsk

~ T ~ ~ T ~
define Ay, such that A{Ak = H, Hj, + 2u; Ay (which exists as H Hy, + 2u; Ay, has positive or
null singular values given its expression), and assume the matrix Ay, is invertibleEl, then

1 ~ T -~ o AT
arg min - (ef(Hk Hy +2u.A4)0, — 297 Hy, + 2uk0k_1Ak)0k) IR
BkERSk

1 o o )
< arg min 5 (HfAZAka - Q(ngk + QNk9k71Ak)Ak 1Ak9k) + )\k”Bk”l
ekERSk

R SO ~T _
& arg min §||((nyk + 2010, 1 AR)AL)T — AkBL15 + k|61
QkERSk

1 4~ T A
@argmmgll(AZ) YH gy, + 205 Ak05—1) — AkBkll3 + M| 0k]1 (7)

O GRSAA'

~ T ~
where one can recognize a LASSO problem with measurements (A} )~ (H 9y + 21 ArOk_1),
matrix Ay and unknown 60y, and can use one of the method provided in [I] to solve it.

1This has always been the case in our experiments, but if not one has to treat separately satellites that where
visible at time instant k — 1 (as the matrix Ag will be invertible for them as it consists in diagonal loading) and
those who were note



3 Solution of the /;-smoothing regularization

The problem to be solved is , namely

o1 ~ .
arg min §||yk — H 0|3+ M\ellOklly + 1|0k — Or—1]1.

BkERbk

First let’s solve this problem when @ is of dimension 1. The problem becomes, where pup = 0
if the corresponding satellite weren’t visible at time instant £ — 1 and pj > 0 if it were,

N ~ .
arg min |Gy — FuOk |3 + Ml Ol + ] Ok — Opa (8)
0LER

whose generalized gradient is

1 -7~ 7 A T - T N
v (2(hk hib; — 2y£hk9k)) +O(Nk Ok ])+0 (| Ok —0r—1) = by POk — G, P+ MO0k ])+10.0(|0,— 00 |)
9)

() = { sign(z) ifxz#0 . (10)

where
[-1,1] ifz=0
Hence there are 32 = 9 according to what is inside each absolute value (<0,>0o0r=0).
e If 9, > 0 and Q}C—ék,1 >0

We have o }
V =h, hbr — §F g + M + (11)

which equals 0 when B
or Ui by — Mg — e
=k C 2 17

W .
and the assumptions (6 > 0 and 6 — Op_1 > 0) give
Ui b > i+ (13)
yi hy, > ilzilkék—1 + g + k- (14)
o If 0 > 0 and 6 — 01 <0
We have o R
V = hy, hbr — Gr b + A — ik (15)
which equals 0 when ~
o; — ilfhiji\k + 1k (16)
h; hy,
and the assumptions (6 > 0 and 6y — ék_l < 0) give
IE Ry > A — e (17)
G R, < b by + N, — pi. (18)

e Iff, <0and 0 — 60, 1 >0



We have o ~
V = hy hi0p — 9 by — M\ +

which equals 0 when

0* — Yt by + A —
k=" -
h’khk

and the assumptions (6 < 0 and 6y — ék,l > 0) give

IE Ry < =Ap + i
pr 2T -
yfhk > hy hpOr—1 — A\ + k-

e Iff, <0and O — 0, 1 <0

We have o ~
V= hk hkak - @ghk - /\k — UK
which equals 0 when R
0* — Ui hi + N\ +
k= T 1.
hk) hk
and the assumptions (0, < 0 and 6 — Op_1 < 0) give
@fﬁk < =i — L

~T7 ~T~ ~
yfhk < hk hkﬂk,l —A\p — .

In cases where one of the absolute values is null, we can treat jointly the different signs of the

other one
e If 6, =0and 6 —0y_1 #0

We have 5 R
V= —Qth + Ak [—1, 1] + pgsign(—0_1)

and we solve

0 € —gLhy + Ap[—1,1] + pupsign(—6,_1)
SYphy + psign(0r-1) € [~ N, i
|yt by + psign(fr_1)] < M.

e If 6, # 0 and 6 —0;_, =0
We have 0, = ék,l and
~T ~ I . ~
V = hy i), — 7 Ry + Msign(0, 1) + pp[—1,1]

and we solve

~T ~ e . ~
0 € h, hib, — y{hk + Apsign(6rk—1) + px[—1,1]
~T ~ e . o
< — h, hi0, + yfhk — Asign(Ox—1) € [— o, k)
~T ~ e . N
o] — hy hbi + JF by — Mesign(r_1)| < puge.

(28)

(29)



Conditions Solution
p p T~ - Th >, —
Grhie > N + e and i by > By hib_y + A + 0 = W
A4
p = T~ - - —
Gi by > N — i and G by < Ry Ryt + Mg — pe 07 = yzhf;#
k'tk
i hi, < =M + pg, and gi hy > ﬁfﬁkék_l Ntk | 05 = yf'»;;%
Al
Y hi, < =M, — px and gi hy, < ﬁzﬁkék—l A=k | 0F = W
—~ kk
|9t b, 4 ppsign(@r_1)| < A\, and 6,1 #0 0" =
T ~ - = = ~
| — hy hi0) + Qghk — A\sign(fp—1)| < pp and 01 # 0 Or" = Op_1
[y hie| < M\ + p and 6,1 =0 0" =0
Table 1: Solution of the 1D problem.
L] Ifﬁk =0 and ek—ék,1 =0
We have 0, = ék_l and
V = =g by + A [=1,1] + [ 1,1] (31)
and we solve
0€ —gLhy + Me[—1,1] + px[—1,1]
YLy € [—(Nk + ), A + ma]
|Gk < A + . (32)

All these results are gathered in Table
For the multidimensional case, one can apply the same strategy as done for the shooting
algorithm in [2] and update each coordinate one at a time until convergence.

References

[1] J. Lesouple, F. Barbiero, F. Faurie, M. Sahmoudi, and J.-Y. Tourneret, “Smooth Bias Esti-
mation for Multipath Mitigation Using Sparse Estimation,” in Proc. IEEFE Int. Conf. on Inf.
Fusion (FUSION), Cambridge, UK, July 2018, pp. xx—xx.

[2] G.V.Pendse, “A tutorial on the LASSO and the shooting algorithm,” Harvard Medical School,
vol. 13, Feb. 2011.



	Introduction
	Solution of the l2-smoothing regularization
	Solution of the l1-smoothing regularization

